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Denote by d(resp. b) the open (resp. closed) unit disc in C. Let E be a closed 
subset of the unit circle T and let F be a relatively closed subset of T -- E of 
Lesbesgue measure zero. The following result is proved. Given a complex 
Banach space X and a bounded continuous function f : F + X, there exists an 
extensionjoff, bounded and continuous on d - E, analytic on A and satisfying 
su~~ilf~'(z)ll : z E if - El = supW(4ll : s E F}. This is applied to show that for 
any separable complex Banach space X there exists an analytic function from A 
to X whose range is contained and dense in the unit ball of X. 
The present article was motivated by the following question posed 
by D. Patil at the Conference on Infinite Dimensional Holomorphy, 
University of Kentucky, May 1973. Denote by A the open unit disc 
in C and suppose that X is a complex separable Banach space. Does 
there exist an analytic function f: A -+ X such that the convex hull of 
f(A) is contained and dense in the unit ball of X? 
Suppose that (xn> is an arbitrary sequence of vectors in X. There 
exists an analytic function f: il -+ X such that f(A) contains the 
sequence {xn} since given any injective sequence (z~> C A with no 
cluster point in A, there exists an analytic function f: A -+ X satisfying 
f(~~) = xii for all k (see [8, p. 157; 12, p. 2981). Next, assume in addition 
that the sequence {x,} is bounded. Does there exist a bounded analytic 
function f: A -+ X whose range contains the sequence {xn> ? This 
question leads naturally to the problem about interpolating bounded 
sequences of vectors by bounded analytic functions. Call a sequence 
(z,> C A interpolating (resp. general interpolating) sequence if, given 
any bounded sequence {y,} of complex numbers (resp. of vectors in 
any complex Banach space Y) there exists a bounded analytic function 
f: A ---f C (resp. f: A -+ Y) such thatf(z,) = ylz for all R. It has been 
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proved in [l] that every interpolating sequence is a general inter- 
polating sequence, which, via the Carleson interpolation theorem 
(see [lo, p. 2031 gi ves the positive answer to the above question. As 
regards Patil’s problem the best one was able to obtain was the 
following approximate solution: Given E > 0 there exists an inter- 
polating sequence {xk} such that the interpolating function f satisfies 
(see PI)* 
If X is finite-dimensional then one can solve Patil’s problem by 
generalizing the Rudin-Carleson extension theorem to the vector- 
valued functions; one can show that there exists a continuous function 
f from the closed unit disc d into X, analytic on d and such that 
f(a) is the closed unit ball of X (see [6]). 
In [7] Heard and Wells removed a closed set E from the boundary 
of A and studied extension problems in the class of bounded functions, 
analytic on A and continuous on d - E. We show below that the 
generalization of one of their results to the vector-valued functions 
gives the complete solution to Patil’s problem. 
Throughout, A (resp. 3) is the open (resp. closed) unit disc in C, 
T is the boundary of A and E is a closed subset of T. Given a locally 
compact space x and a complex Banach space X we denote by 
C,(S?, X) the (Banach) space of all bounded continuous functions 
from S?” to X, with sup norm. We write BE(X) for the (closed) sub- 
space of all functions in C,(a - E, X) which are analytic on A, 
where d - E C C is equipped with the relative topology. We denote 
A(A, X) = B,(X) an write A(A), B, for A(A, C), Be(C), respec- d 
tively. 
Denote by K(r, z) the open disc in C centered at z and having 
radius r. Let X be a complex Banach space and let f: A ---t X be an 
analytic function. Assume that j z,, j = 1 and denote 
According to [4, p. 21 we call n,.,,, 0, (here - denotes closure) the 
cluster set off at x0 . The following theorem is the main result of the 
present paper. 
THEOREM 1. Let X be a separable complex Banach space. Let 
x,, E C, 1 x0 1 = 1. There exists fe Bt&X) such that f(A) is contained 
in the unit ball of X and such that the cluster set off at z,, is the closed 
unit ball of X. 
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In particular, Theorem 1 gives the affirmative answer to the question 
of Patil’s since it gives an analytic function f withf(d) contained and 
dense in the unit ball of X. As already stated in the introduction, 
in the case when X is finite-dimensional there always exists an 
LIZ A(d, X) with this property. 
THEOREM 2. Let K be a relatively closed subset of T - E of measure 
zero and let X be a complex Banach space. Then any function 
(y. E C,(K, X) has an extension g E BE(X) with precisely the same norm 
as (Y, in fact, g can be chosen in such a way that 
(4 g I K = 01, 
(4 II &)ll < II Q: II (z E d - (E u K)). 
Theorem 2 generalizes a result of Heard and Wells (see [7, p. 5491). 
Proof of Theorem 1, Assuming Theorem 2. With no loss of generality 
assume that x0 = 1. Let (yn} be a strictly decreasing sequence of 
positive numbers, converging to 0 and satisfying qn < z-12 
(KZ = I, 2 ,,.. ). Put x, = eimn (n = 1, 2 ,...) and set 
K = b%z , n = 1, 2,...). 
By separability of X there exists a sequence (xlc , k = 1, 2,...} C X 
which is dense in the unit ball of X. It is easy to define a function iy 
from K to {xlc , K = 1, 2 ,...I such that for any n = 1, 2 ,..., 
(% , k = 1,2,...)C 4%+1 , x,+2 Y>>. 
Since the relative topology on K is discrete, 01 is a continuous function 
from K to X. Further, we have /j OILY < 1 (a E K); hence 
01 E C,(K, X). Clearly K is a relatively closed subset of T - (zq,) 
of measure 0. Now Theorem 2 applies to give an f E Bc&X) with 
llfll < 1 andf/K= 01. The required properties of f are easy to 
check. Q.E.D. 
To prove Theorem 2 we follow Heard and Wells [7] by proving 
first the following lemma. 
LEMMA 1. Let K be a relatively closed subset of T - E of measure 0 
and let X be a complex Banach space. Then given any E > 0 and any 
a: E C,(K, X) there exists f E BE(X) such that 
(i) f ; K = oi, 
(ii) lif II < (1 + <)I1 N 11. 
Proof. 
Bishop’s 
Here we 
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The proof of Lemma 1 for X = C (see [7, p. 5461) uses 
generalization (see [3]) of the Rudin-Carleson theorem. 
modify this proof in such a way that the usual Rudin- 
Carleson theorem for vector-valued functions (see [6]) together with 
the peak properties of compact subsets of K is sufficient. By [7, 
pp. 546, 5471 there exists a decreasing sequence {GJ of subsets of T 
such that E = nT==, G, and such that each G, is a finite disjoint 
collection of open arcs, all of whose endpoints lie in T - (E u K). Let 
H, = (reie:ete E G,, 1 - l/n < Y < l} (n = 1,2,...), 
and define 
Kl =Kn(d-H,), 0, A-H,, 
K, = K n (Hn-l - H,), 0, =Hn-l-- (n = 2, 3,...). 
Then K = uEI K, , 0, are disjoint open subsets of d’ - E and by 
the properties of the sets G, we have K, C 0, for all it. Also, for each 
n, K, is a compact subset of T since it is a closed subset of the compact 
set II,” n T. 
Now, let 01 E C’,(K, X) with ([ 01 I( = 1. Denote the restriction of 01 
to K, by ol, and fix 6, 0 < 6 < 1. By the Rudin-Carleson theorem for 
vector-valued functions (see [6]) there exist f, E A(d, X)(n = I, 2,...) 
satifying 
6) f, I K, = 01, , 
6) llf, II d II alz II 
for all n. For each n = 1, 2 ,..., d - 0, is a compact set in C, disjoint 
from the compact set K, . Further, for each n = 1, 2 ,..., K, is a peak 
set (see [ll, p. 1601) for A(d)(see [12, p. 811); hence, multiplying f, 
by a suitable power of a peaking function for K, one getsz E A(d, X) 
such that 
(9 f, I K = an , 
(ii) Iliill G II sl/, 
(iii) ll.G(~)ll < Wn (z f if - 0,). 
Define 
f(z) = 5 E(x) (x Ed - E). (*) 
n-1 
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If x E (d - E) - u,“=, 0, ) then clearly IIf(x)ii < S. If z E O,@ for 
some n, then x $0, for n # n, ; hence 
By the properties of the sets 0, every compact subset of d - E 
misses all but a finite number of the sets 0, . This implies that the 
convergence in (*) is uniform on compact subsets of d - E. Con- 
sequently, f is analytic on A, continuous on d - E and bounded by 
1 + 6, so f E BE(X). The rest of the proof is the same as in [7, pp. 547, 
5481. It uses a Banach space result due to Bade and Curtis (see 
[2, p. 393; 13, p. 4651). Q.E.D. 
Let K be a relatively closed subset of T - E of measure 0, let 
E > 0 and let S be a relatively closed subset of d - E, disjoint 
from K. By another result of Heard and Wells there exists y E Be 
such that 
(9 Ihll < 1, 
(ii) y vanishes exactly on K, 
(iii) 1 1 - y(z)/ < E (z 6s 8, 
(see [7, p. 5481). Th y e use this fact together with Lemma 1 (for 
X = C) to prove Theorem 2 (for X = C). They refer to [5, Theorem 
4.61. Namely, the proofs of [5, Lemmas 4.4 and 4.51 work for closed 
sets in place of compact sets as well, as observed also in [13, p. 4691. 
In our case, rewriting [5, Lemma 4.51, we obtain 
LEMMA 2. Let K be a relatively closed subset of T - E of measure 0. 
Suppose that H is a relatively closed Gs subset of d - E containing K. 
If H = ft, G, where (GJ is a decreasing sequence of relatively open 
subsets of d - E and if (X,) is a strictly increasing sequence of positive 
numbers converging to 1, there exists v E BE , )) q 1) = 1, such that 
KC {z j q(z) = 1) C H and such that ( q(z)1 < h, for z E G,-, - G, 
(n = 1, 2,...). 
Proof of Theorem 2. As in the proof of Lemma 1 we write K = 
U,“=, K, , K, compact, K, C 0, , where 0, (n = 1, 2 ,...) are open 
in d - E and disjoint. It is easy to see that K is a G, subset of d - E, 
hence, K = nz=‘=, V, , V, (n = 2,3 ,...) open in if - E and decreasing. 
Put VI = d - E. 
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Now, with no loss of generality assume that ]]01]) 3 1. By Lemma 1 
there exists f E BE(X) such that f 1 K = 01 and such that 
Let G, = (z E V, I II f (z)ll ==c II 01 II + l/(n + l))(n = 1, L.). By the 
continuity off the sets G, are open in d - E and contain K; hence, 
{G,,> is a decreasing sequence of open subsets of d - E such that 
n,=, G, = K. B y L emma 2 there exists q E BE such that 
(i) (z / p)(x) = l> = K, 
(4 II Y II = 1, 
(iii) 1 9)(x)/ < 1 - l/n (z E G,-, - G, , n = 2, 3 ,... ). 
BY Ilf II < II 01 II+ i t i is clear that G, = d - E. If z E d - (E u K), 
then z E G,-, - G, for some n, hence 
II cp(~)f(41 < (II 01 II+ l/4(1 - l/4 
For x E K we have v(x)f(z) = f (z). So putting g(z) = v(z);(;)‘D” 
is the required function. . . . 
Remark. Let X be a complex separable Banach space. We have 
shown that there exist analytic functions from A to X whose range is 
dense in the unit ball of X. Let f be any such function. It is interesting 
that the intersection of the range off with any closed linear subspace 
Y C X, Y # X, is at most countable. To see this, assume that 
f(d) n Y is uncountable. It follows that there exists a sequence 
(xk} C A, having a cluster point in d such that f (zk) E Y for all k. 
The subspace Y is closed and so X/Y is a Banach space. The canonical 
map rr: X + X/Y is linear and continuous and consequently r of 
is an analytic function from A to X/Y. Since (r 0 f)(,zJ = 0 for all k, 
we have rr 0 f = 0 by the identity theorem; hence, f (2) E Y for all 
z E A. Now it is a consequence of the Hahn-Banach theorem that a 
subset of Y cannot be dense in the unit ball of X. 
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